We consider a free massive particle inside a box which is dragged by Rindler observers. Admitting that the particle obeys the Klein-Gordon equation, we find the frequencies of the stationary states of this system. Transitions between the stationary states are employed to set a standard frequency for a toy atomic clock. Comparing the energy spectrum of the accelerated system with the energy spectrum of an identical system in an inertial frame, we determine the influence of the instantaneous acceleration on the rate of atomic clocks. We argue that our result does not violate the clock hypothesis.
I. INTRODUCTION
According to the Theory of Relativity the flux of time depends on the motion state of observers. The Lorentz transformations allow us to compare measurements of the elapsed time between events when they are performed by inertial observers. The predicted time dilation has been confirmed experimentally in different contexts -doppler shift produced by atomic beams, lifetime of unstable particles, rate of atomic clocks -and with an increasingly high accuracy [1, 2] . However, the temporal rhythm of an accelerated clock cannot be infered from the two fundamental postulates of the Theory of Relativity. Indeed, the discussion of this issue demands an additional assumption. The clock hypothesis, according to which the rate of a clock is not affected either by its instantaneous acceleration or higher order derivatives of velocity, is usually adopted in this context. Although it is widely accepted (for a critical approach, see [3] ), there are speculations about empiric implications of alternative hypotheses [4, 5] .
The physical basis of the clock hypothesis is the so-called principle of locality that establishes a local equivalence between an accelerated observer and an instantaneously comoving inertial observer [6] . The idea is that both observers momentarily share the same position and velocity and, therefore, have the same physical state from the viewpoint of classical mechanics. Hence, those observers would be locally equivalent, implying, according to the principle of locality, that they would have the same notion of time, instantaneously. Mathematically this is translated into the well-known relation between the proper time (dτ ) of the accelerated observer and the time (dt) as measured in an inertial frame: dτ = dt/γ, where γ is the Lorentz factor.
So far the clock hypothesis has been confirmed experimentally. Measurements of the lifetime of unstable particles moving in circular orbits or when they are submitted to longitudinal acceleration are in agreement with the clock hypothesis [7, 8] . Within the accuracy of the instruments, these tests found no evidence of the influence of the acceleration on the decay rate, despite those particles have been subjected to very high acceleration: 10 18 g (for the centripetal acceleration [7] ) and 10 15 g (for the average longitudinal acceleration, with peaks of a = 10 22 g [8] ), where g is the Earth gravitational acceleration.
On the other hand, it is worthy of mention that the principle of locality relies on the definition of physical state established by classical mechanics. However, as Nature has a quantum character, then, the locality principle has a conceptual limitation [4, 9, 10] . Because of this, it has been suggested that the rate of any actual clock would be influenced by its instantaneous acceleration or could be even affected by its past world line [4, 9] . Thus the relation between dτ and dt should be modified when the wave behavior of system is taken into account. For instance, based on the study of the lifetime of artificial muonic particles in a circular motion [11] , it was proposed that, regarding the muon proper time, the new relation would be:
where λ is the muon Compton wavelength and L = c 2 /a defines a characteristic length scale where the particle state changes significantly [10] . Under the conditions in which the moun experiment was performed [7] , the very small correction (λ/L) 2 ∼ 10 −25 could not be detected within the accuracy of that experiment.
So these effects of the acceleration cannot be ruled out and the question remains open.
In this paper, we want to address this issue investigating the behavior of an accelerated atomic clock. Actually, for the sake of simplicity, our atomic clock is described by a toy model which consists of a particle in a box which obeys the Klein-Gordon equation. The acceleration of the box is implemented, within our scheme, assuming that the walls are dragged by Rindler observers. Solving the Klein-Gordon equation in the Rindler frame and imposing the appropriate boundary conditions, we determine the frequency of the stationary states of the system. Comparing this spectrum with the spectrum of an identical system in an inertial system, we can determine a relation between the ticking rate of the accelerated clock and the rate of an inertial atomic clock.
II. ACCELERATED ATOMIC CLOCK
The world line of an uniformly accelerated observer in a Minkowski spacetime is described, in terms of the rectangular coordinates (t, x) of an inertial frame, by the following parametric curve:
where τ is the observer's proper time (defined in terms of the length of the curve) and a is its proper acceleration. The world line corresponds to a hyperbola in the spacetime diagram of the inertial frame. For the sake of simplicity, we are considering a spacetime of
The accelerated observer can construct a coordinate system adapted to its motion by using the locality principle. At a particular instant of time τ , the observer, with the help of the instantaneously comoving inertial frame S τ , determines the events which are simultaneous.
All of them are labelled with the same temporal coordinate τ . The spatial coordinate, ξ, of these simultaneous events are established by using the spatial coordinate of S τ . From this definition, it follows that the transformation between (t, x) and the Rindler coordinates (ξ, x) is given by:
It is well known that this transformation is defined only in a region corresponding to the right hand side of the light cone whose vertex is at the origin of the inertial frame. Each coordinate line ξ = constant is an hyperbola in the spacetime diagram of S (in (t, x)-coordinates) and represents the world line of an uniformly accelerated observer with proper acceleration equals to a/ (1 + aξ/c 2 ). The set of these observers constitutes the Rindler frame. The Minkowski metric written in the Rindler coordinates assumes the following form:
Consider now a particle with rest mass m confined in a box which is dragged by Rindler observers. This means the walls are found at rest with respect to the Rindler frame. For the sake of simplicity, let us assume that the walls are localized at positions ξ = 0 and ξ = ℓ (where ℓ is the proper length of the box as measured in the Rindler frame). Inside the box, the particle is free. Admitting that its behavior is governed by the Klein-Gordon equation, then, in the Rindler coordinates, the particle's wave function φ (τ, ξ) satisfies the following equation:
At this point it is important to emphasize that although the interpretation of φ as a wave function has some limitations, this does not affect the purpose of our discussion, since we are dealing with a toy model and we are basically concerned with the mathematical problem of finding the stationary states of KG equation and their respective frequencies.
The solution can be written as φ = e −iωτ ψ, where ψ is independent of τ and satisfies the modified Bessel equation:
where ρ = mc/ (c 2 /a + ξ). Here we can identify three length scales: the particle's reduced
Compton wavelength λ = /mc, the size ℓ of the box and the acceleration length L = c 2 /a.
The general solution of equation (7) is a linear combination of the modified Bessel function of the first kind I ν (ρ) and of second kind K ν (ρ) with the pure imaginary order ν = i (ωc/a) .
The stationary states in the box and its corresponding frequencies are determined by the boundary conditions: ψ = 0 for ξ = 0 and ξ = ℓ, which lead to the following equation:
where L ν (x) = [I ν (x) + I −ν (x)] /2 corresponds to the real part of I ν (x) [13] .
In the small acceleration regime, it is appropriate to consider the asymptotic expansion of the modified Bessel functions [12, 13] . Taking the first terms, we have [13] :
where α = ωc/a, θ (x) = √ 1 − x 2 − ln 1 + √ 1 − x 2 /x and approximate expressions for Π1 and Π2 are:
where
for s = 0, 1, 2, ... [12, 13] . By using this approximation in the equation (8), we obtain the frequency, or speaking loosely, we find the energy ( ω) of the stationary states. In the second order of a, the spectrum of positive energy is given by:
1/2 is the energy of the quantum level n of an identical system (a mass m in a box of proper length ℓ) at rest in an inertial frame. The equation (14) is valid for n 2 > (2/π 2 ) ℓ 3 / (Lλ). If we write the length ℓ of the box, wavelength λ and the acceleration a in terms of Bohr radius (r 0 ), the electron mass (m e ) and g, respectively,
we find the following estimates:
For a = 10 18 g, the leading term of corrections produces a relative shift of the order of
In analogy with actual atomic processes, let us assume that, in a transition between two stationary states of our system, a quantum of some field with a well-defined frequency is emitted. Some device endowed with a counter of the cycles of the standard frequency defines our toy clock. Now let us consider a transition from a certain state f to the quantum level i. The emitted quantum has a frequency ω f i that is employed as the standard frequency of the accelerated clock. When measured in terms of the parameter τ , the frequency ω f i = (E f − E i ) / may be determined from equation (14) . On its turn, for an identical system at rest in the inertial system S, the frequency of the emitted quantum in the corresponding transition from state f to i is given by ω
f i is measured in terms of the time coordinate of the frame S. Having this in mind, now consider two close events E 1 and E 2 on the path of the accelerated observer, with labels τ 1 and τ 2 respectively. If ∆T is the number of oscilations of the standard wave with frequency ω f i that happen during the elapsed time between E 1 and E 2 , then:
On the other hand, from the point of view of S, during the interval ∆τ = τ 2 −τ 1 , the number of cycles of the inertial atomic clock running in the standard frequency ω 0 f i is:
according to equation (1) . Therefore, in the limit ∆τ → 0, the instantaneous ratio between the ticking rates of the clocks is:
The correction factor depends on the frequency of the atomic clock, i.e., on the particular transition (f → i) that is chosen to set the standard frequency. However, in transitions with higher quantum numbers, the relation reduces to:
Therefore, as it was suggested by [10, 11] , we can verify that the rate of an accelerated atomic clock depends on its instantaneous acceleration. However the leading term is of the order of (ℓ/L). So the acceleration effects on the rhythm of an atomic clock can be much greater (10 −9 , for a = 10 18 g and ℓ = r 0 ) than those that were predicted for the muon lifetime [11, 14] .
As the instantaneous acceleration influences the ticking rate of the clock, it also affects the Doppler shift. In a certain transition (f → i) , according to (14) , in the first order, the frequency of the emitted quantum by the accelerated system is ω 0 (1 + ℓ/2L), where ω 0 is frequency for the same transition when it happens in an inertial system. If the accelerated system emits forward and backward signals, then the frequency as measured by inertial observers is
where v is the relative velocity at the moment of emission and λ 0 is the wavelength of the corresponding signal emitted in an inertial frame. The signs + or − are valid when the observers are approaching or moving away respectively. The acceleration modifies the Doppler-shift formula in two different ways: the term λ 0 /L gives the variation of the source's velocity, ∆v/c, during a complete cycle; while ℓ/L is a new contribution that arises due to the change of the ticking rate of clock caused by its acceleration. Recently an Ives-Stiwell type experiment, which is based on Doppler shift, has tested the time dilation factor within accuracy of 10 −9 [2] . If the same precision could be achieved in experiments involving acceleration of the order of 10 18 g then the acceleration effects would become detectable.
III. DISCUSSION AND CONCLUSION
We showed that the rate of an accelerated clock is affected by its instantaneous acceleration, however this result should not be seen as a violation of the clock hypothesis. Actually the Rindler frame is built with the help of this hypothesis and even the usual form the KG equation assumes in the accelerated frame is somehow based on the principle of locality.
The influence of the instantaneous acceleration on the rhythm of an atomic clock is just the expression of the fact that the internal dynamics of a system of finite size is affected by acceleration. This is true even in the context of the classical mechanics, as we can check by calculating the period of an accelerated pendulum or the period of oscillations of a light beam between accelerated mirrors [15] . In view of this, the better interpretation of our result is that the rate of accelerated actual clock deviates from the rate of an ideal point-like clock [16] . In this sense, we can say that the equation (20), actually, is compatible with the clock hypothesis, since, according to it, the rate of atomic clock does not depend on the its instantaneous acceleration in the limit ℓ → 0 and λ → 0. Nevertheless, as ℓ and λ are non-null for actual physical system, the instantaneous acceleration produces some effects on the ticking rate of accelerated clocks. As we have seen, these effects are very tiny, however, as the experiments are getting more accurate, it is important to take them into account in order to make a correct interpretation of empiric data.
